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A&raft-In this, the first part of a two-part analytical study of the heat transfer between an axisyrnmetrical 
free impinging jet and a solid flat surface with non-uniform wall temperature or wall heat flux, both the 
exact energy equation and the boundary layer energy equation are solved asymptotically in the vicinity of 
the stagnation point. The results show that the nonuniformity of wall temperature or wall heat flux has a 
considerable effect on the stagnation point Nusselt number. Increasing the wall temperature or wall heat 
flux with the radial distance reduces the stagnation point Nusselt number while decreasing the wall 
temperature or wall heat flux with r enhances the heat transfer at the stagnation point. For the special case 
of constant wall temperature or wall heat flux, the result is essentially the same as that of Sibulkin, and 

the difference in Nusselt number is less than 0.3% for Pr > 0.7. 

1. INTRODUCTION 

Tm HEAT transfer between an impinging jet and a 
solid surface is of interest in many engineering appli- 
cations, such as the annealing of metal and plastic 
sheets, the tempering of glass, the drying of textiles, 
veneer, paper, and the cooling of microelectronic 
equipment. As was pointed out in ref. [l], the heat 
transfer coefficients by jet impingement are several 
times greater than those by other flow patterns. 
Because of the high heat transfer rate associated with 
jet impingement, the technique is commonly used in 
practice. Although considerable experimental work 
on jet impingement heat transfer has been done, lim- 
ited analytical studies have been carried out, especially 
for the case of a free impinging liquid jet and non- 
uniform wall temperature or wall heat flux. In contrast 
to a submerged jet, a free liquid jet is discharged into 
a gaseous rather than a liquid environment. 

When a free liquid jet impinges on a flat solid 
surface, as shown in Fig. 1, the entire flow field is 
conventionally divided into two regions [21-a poten- 
tial region and a viscous region (boundary layer). The 
flow in the potential region may be treated as inviscid 
and the region may be subdivided into three sub- 
regions [3]-the free jet region, the impingement 
region and the wall jet region The viscous region 
before the hydraulic jump may be subdivided into 
four subregions as follows [4]. 

(1) The stagnation region where the main flow vel- 
ocity at the edge of the boundary layer grows rapidly 
from zero at the stagnation point to the jet velocity 
UO. The radial dimension of the stagnation region is 

of the order of the jet radius r. and the boundary layer 
thickness is of the order of ,/(vr,,/U,), where v is the 
kinematic viscosity of the fluid. 

(2) The boundary layer region where the radial 
distance is greater than rO. In this region, the velocity 
outside the boundary layer remains constant and the 
flow is of the boundary layer type. 

(3) The transition region where the boundary layer 
becomes as thick as the whole liquid layer. 

(4) The similarity region where the whole flow is 
of the boundary layer type and there exists a similarity 
solution to the velocity field. 

In fact, there must be a transition region between 
the stagnation and the boundary layer regions because 
at r % r. the flow pattern is different from that in the 
neighborhood of the stagnation point and in the 
boundary layer region. In the present work, this 
region will be considered separately. 

An experimental investigation of the hydrodynamic 
behavior of a single circular free liquid jet impinging 
on a horizontal surface was carried out by Olsson and 
Turkdogan [5], who measured the kinetic energy of 
the liquid film, the thickness of the liquid layer and 
the surface velocity of radial flow. Their measure- 
ments show that the surface velocity remains constant 
up to the hydraulic jump. This is different from the 
theoretical result of Watson [4] which shows that the 
surface velocity decreases as r increases in the simi- 
larity region. 

Heat transfer near a stagnation point has been 
extensively investigated. Squire [6] and Sibulkin [7] 
were among the first to study stagnation point heat 
transfer. Squire obtained the exact solution to the 
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NOMENCLATURE 

a constant in the solution of potential flow z coordinate normal to the wall. 
c constant defined in equation (38), 

c2, c3,. . ., &I coefficients in prescribed wall 
temperature, equation (12) Greek symbols 

d2, djr . . . , d, coefficients in prescribed wall diffusivity 
heat flux, equation (13) : viscous boundary layer thickness 

FW dimensionless function defined in equation 6, boundary layer thickness in stagnation 

(9~) QwiQo region 
k conductivity 
Nu Nusselt number, 2r,,Q,Jk( T, - T,) 
P pressure 
Pr Prandtl number 

;I 

stagnation point heat flux 
wall heat flux 

r coordinate along the wall 

r. jet radius 

rm radial distance of matching location 
Re Reynolds number, 2Uoro/v 
T temperature 

To stagnation point temperature 

TlI? temperature at the matching location 

TW wall temperature 
T, jet temperature 
u velocity in the r-direction 
U. jet velocity 
W velocity in the z-direction 

6, thermal boundary layer thickness 
A ratio of thermal boundary layer thickness 

to viscous boundary layer thickness 

rl dimensionless variable defined in equation 

(3c) 
0 dimensionless temperature defined in 

equations (3a) 

@nl dimensionless temperature at the matching 
location 

0, dimensionless temperature on the wall 

1, eigenvalues given by J,,(I,,&,) = 0 
V kinematic viscosity 

r dimensionless variable defined in equation 
(3b) 

5, dimensionless radius, r,/ J (v/a) 

P density 
$J dimensionless function defined in 

equations (5). 

problem of steady, laminar flow heat transfer near a heat flux. Sano [9] obtained an asymptotic solution 
two-dimensional stagnation point with constant wall for small Prandtl numbers to the problem of un- 
temperature. Sibulkin extended the problem to the steady boundary layer in impulsive stagnation flow 
case of the axisymmetrical stagnation point. Their in which both the flow field and temperature field 
solutions show that if the wall temperature is constant, are unsteady. The effects of blowing and suction on 
the temperature distribution near the stagnation point transient heat transfer at a stagnation point due to 
is independent of the radial distance from the stag- a step change with time in wall temperature was 
nation point. Transient heat transfer near a stagnation analyzed by the same author [IO]. Kumari and 
point has been examined by several investigators. Nath [l l] considered the combined effect of forced 
Chao and Jeng [8] considered transient laminar and free convection on unsteady laminar incom- 
forced convection heat transfer for a two-dimen- pressible boundary layer flow with mass transfer at 
sional and axisymmetrical stagnation point due to the stagnation point of a three-dimensional body 

time-dependent uniform wall temperature or wall with time-dependent wall temperature. More 

free jet region 

impingement regi\ , ilo 

stagnation region, 

ll.tZkion 

--r 

FIG. 1. Schematic diagram of a free impinging jet system. 
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recently, Smolsky et al. [12] presented experimental 
and theoretical results of heat transfer in the region 
near the stagnation point of a sphere and a trans- 
versely-oriented cylinder immersed in a gas flow 
under the unsteady conditions resulting from a step- 
wise change in the flow temperature or the body tem- 
perature. 

In all previous solutions [6-121, the wall tem- 
perature or wall heat flux is either constant or a func- 
tion of time only. Hence the temperature distribution 
near the stagnation point is independent of radial 
location. The boundary layer energy equation used in 
obtaining these solutions excludes the contribution of 
radial conduction. However, in many applications, 
wall temperature or wall heat flux may vary with 
the radial distance r. In such a case, the temperature 
distribution near the stagnation point will be a func- 
tion of the axial distance z as well as r. Furthermore, 
if the variation of wall temperature or wall heat flux 
is sufficiently large such that the characteristic length 
for the temperature field in the r-direction is of the 
same order as the thermal boundary layer thickness, 
conduction in the radial direction cannot be neglected. 
Consequently, the boundary layer energy equation is 
not applicable and the exact energy equation should 
be used. Radial conduction plays a much more impor- 
tant role in the stagnation region than elsewhere since 
the velocity is so small and thus radial convection is 
negligible. 

The conjugate heat transfer problem associated 
with jet impingement is especially important in engin- 
eering applications. The analytical solution presented 
in Parts 1 and 2 of the present study can be used to 
solve the corresponding conjugate problem in which 
a circular jet impinges on the top surface of a solid 
plate with prescribed temperature or heat flux at the 
bottom surface. 

In Part 1 of the present study, the exact steady-state 
energy equation is solved asymptotically to examine 
the effect of wall temperature or wall heat flux on the 
heat transfer in the neighborhood of the stagnation 
point. The solution is therefore restricted to the vicin- 
ity of the stagnation point. It is found that heat trans- 
fer at the stagnation point can be significantly affected 
by wall temperature or wall heat flux distribution. 

2. FORMULATION 

For steady-state, incompressible flow with constant 
properties and negligible dissipation, the energy equa- 
tion for axisymmetric flow is 

aT aT ( a=T 1 aT a=T 
uT$+waz=a ar2+rar+aZ’ > (1) 

where T is the temperature, r and z the radial and 
axial coordinates measured from the stagnation point, 
u and w the velocity components along r and z, respec- 
tively, and GI the thermal diffusivity. The velocity com- 
ponents u and w are obtained from the solution to 

axisymmetric flow in the stagnation region [13]. The 
boundary conditions are 

aT 0 ar= atr=O (2a) 

T = T,(z) at r = r, (2b) 

T=T,,,(r)orQ=Qw(r) atz=O (2c) 

T = T, = constant asz+ co (2d) 

where T, is the jet temperature, T,,,(r) the wall tem- 
perature, and QW(r) the wall heat flux. T,(z) is the 
temperature distribution at r = r,,, which is deter- 
mined by matching the solution in the stagnation 
region with the solution outside the stagnation region. 
The matching surface r = r,,, is the location where the 
boundary layer thickness in the stagnation region is 
matched with that outside the stagnation region. 

To nondimensionalize the problem the following 
dimensionless variables are introduced : 

1 

CT- Tm MT, - L) 

e = 
for prescribed wall temperature 

W- W/(Qo,h/4 
(3a) 

for prescribed wall heat flux 

r = rlJ(vla) (3b) 

? = zlJ(vla) (3c) 

where k is the thermal conductivity, v the kinematic 
viscosity, To and Q0 the temperature and heat flux at 
the stagnation point, respectively, and a is a constant. 
The similarity solution to the flow field in the stag- 
nation region gives [ 131 

u = J(av)W(~) (4a) 

w = -2J(W(rl) (4b) 

where 4(q) is a transformation function defined by 

#“+2&“-&*+ 1 = 0 @a) 

9(O) = 4’(O) = 0, @(co) = 1. (5b) 

The viscous boundary layer thickness 6, is given by 

6, = 1.98,/(v/a). (6) 

For the case of a circular impinging jet, constant a is 
given by [2] 

a=0.44V0 
r. 

where U. is the jet velocity and r. the jet radius. 
Using definitions (3) and flow field solution (4), the 
dimensionless form of the stagnation region energy 
equation and boundary conditions become 

and 
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a0 

z=O at 5 = 0 (9a) 

0 = &l(V) at 5 = 5, (9b) 

e=&,(~)or-E=~=~W(t)at~=O (9c) 
all e0 

e=o at q = cc (9d) 

where Pr is the Prandtl number, e,(n) the dimen- 
sionless temperature at the dimensionless radius I$,,, 
and 

8, = VW--T,)/(T”--T,). 

3. SMALL VARIATION OF WALL 

TEMPERATURE OR WALL HEAT FLUX 

In the case where the variation of wall temperature 
or wall heat flux is sufficiently small so that the charac- 
teristic length of the temperature field in the r- 
direction is much larger than the thermal boundary 
layer thickness, conduction in the r-direction can be 
neglected. Hence energy equation (8) and boundary 
conditions (9) reduce to 

a% 
~+2Pr~~-Pr~$‘$=O (10) 

and 

ae 

z=O 
att=O (1 la) 

O=O,(<)or-E=FW(<) atn=O 
all 

(lib) 

o=o atij = co. (11~) 

The prescribed wall temperature 0,,,(t) or wall heat 
flux Q,(c) may be any continuous function of 5, which 
satisfies the symmetry condition d&,(O)/d~ = 0 or 
dQ,(O)/dl = 0. Corresponding to the definition in 
equation (3) e,(t) may be expanded in a Taylor series 
near 5 = 0 as 

e,(t) = 1 +C,52+C353+. . .+c,y+. (12) 

where c, are constants. Similarly, the wall heat flux 
may be written as 

where d,, are constants. Since the solution is sought in 
the vicinity of the stagnation point, the dependent 
variable 0 can be expanded in a Taylor series as fol- 
lows : 

0 = A,(r)+A,(1)5+A2(1)5*+Aj(~)5) 

+. .+A,($<“+. . . (14) 

Because of the symmetry, the radial heat flux at r = 0 
must be zero, hence A,(q) in equation (14) should 

vanish. Substituting equation (14) into equation (lo), 
the governing ordinary differential equations for 
coefficients A, are obtained 

AA’+2PrqbAh-nPr@A,=O, n=0,2,3,4... 

(15) 

The corresponding boundary conditions for the pre- 
scribed wall temperature are 

A,,(O) = 1, A,(O) = c,, n = 2,3.4.. (164 

A,(m) = 0, il = 0,2,3,4. (16b) 

For prescribed wall heat flux the boundary conditions 
are 

A’,(O)= -1, A;(O)= -d,, n=2,3,4... (17a) 

A,(a) = 0, n=0,2,3,4... (17b) 

3. I. Solution for non-uniform wall temperature 
The solution of A,(q) with boundary conditions 

(16) can be obtained in closed form 

while the remaining A,(q) coefficients may be solved 
numerically. Once A,(q) are obtained, the temperature 
field is determined by equation (14) and the wall heat 
flux can be obtained as follows : 

^ 
4w = _pT(r,o) ___ = -UT0 - T, ),/@/v)[Ab(O) 

dZ 

+A;(O)t’+. .+A;(O)l”+. ,]. (19) 

Thus the local Nusselt number is given by 

NU = -0.9381Re”2 

Ab(0)+A;(O)~2+A;(O)~3+...+A~(0)~”+... X- 
1+C?52+c3~3+...+Cn~“+... 

(20) 

where Re is the Reynolds number defined as 2U,,r,/v. 

3.2. Solution for non-ungbrm wall heat flux 
The solution of A,(q) with boundary conditions 

(17) is 

The solutions to A,(q), n = 2,3,4.. . . with boundary 
conditions (17) may be obtained numerically. Once 
A,(q) are determined, the wall temperature is given by 
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1.0 I I 
0.0 0.1 0.2 0.3 0.4 0.5 

4 

FIG. 2. Nusselt number profjle for non-uniform wall tem- FIG. 3. Nusselt number prolile for non-uniform wall heat 
perature with radial conduction neglected: -.-, C2 = flux with radial conduction neglected: - .-, d2 = d, = 

C, = C, = 0.1, increasing wall temperature; -, C, = d4 = 0.1, increasing wall heat flux; -, d2 = d, = d4 = 0, 

Cg = C4 = 0, constant wall temperature; ---, C, = C3 = constant wall heat flux ; ---, d2 = d, = d., = - 0.1, decreas- 
ing wall heat flux. C4 = -0.1, decreasing wall temperature. 

+. . .+Ff,(O)r”+. . .]. (22) 

The local Nusselt number is obtained in the form 

Nu = 0.9381Re’l’ 

1+d252+d353+...+d”~“+... 

’ A,(0)+A2(O)~Z+~3(O)~3+. . .+/i&,)~“+..: 

(23) 

For the special case of constant wall temperature or 
wallheatflux,i.e.c,=c,=...=c,,=Oord,=d,= 
. . . = d, = 0, equations (20) and (23) reduce to 

which is identical to the result of Sibulkin [7]. 
The Nusselt number profiles for both cases are 

shown graphically in Figs. 2 and 3. It is clear from 
equations (18), (20), (21) and (23) that the wall tem- 
perature or wall heat flux distribution does not affect 
the stagnation point Nusselt number. The reason for 
this is that the boundary layer energy equation is used 
in obtaining the solution in which radial conduction 
is neglected. As shown in the following sections, the 
stagnation point Nusselt number can be considerably 
affected by the distribution of wall temperature or 
wall heat flux when radial conduction is taken into 
consideration. 

4. SOLUTION FOR STEEP VARIATION OF 

WALLTEMPERATURE OR WALL HEAT FLUX 

The solution in the previous section is valid for the 
case where the variation of wall temperature or wall 
heat flux is small so that the boundary layer energy 
equation is applicable. If, however, the wall tem- 
perature or wall heat flux varies steeply with r, con- 
duction in the radial direction must be included. 
Hence the complete energy equation should be solved. 
Nevertheless, one can show that the first term in equa- 
tion (8) which represents radial convection can be 
neglected in the vicinity of the stagnation point. Sub- 
stitution of equation (14) into equation (8) shows that 
the first term in equation (8) is of the order of 5’ and 
all other terms are of the order of 1. Hence, in the 
vicinity of the stagnation point, i.e. for small 5, equa- 
tion (8) simplifies to 

!!?+LE+f!+2p,eE=o. 
5 at w all (25) 

Since C#J is independent of r, equation (25) can be 
solved by the method of separation of variables. The 
solution is 

where g,, is governed by the following ordinary differ- 
ential equations : 

g;+2Prq5g;-/lfgn = 0 (274 
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( 22 223 z4 
u=uo ---++ 

6 6’ 64 > 
(33) 

for prescribed T,,, (27b) and 

2 C 
g;(O) = - G 

S[ 0 
F,(5) + $MO) Jo(k,5)5d5 1 m 

for prescribed QW (27~) for prescribed wall temperature or 

g,(a) - 0 (274 T_ T 

m 
= Qw(rPt 

and D, is defined by the following equations : k > (35) 

D,“+2Pr~D~-1~0, = L(q) 

D,(O) = 0 for prescribed T, 

D:(O) = 0 for prescribed QW 

(284 for prescribed wall heat flux. 6 and 6, are the viscous 
and thermal boundary layer thicknesses, respectively. 

(28b) Introduction of equation (33) into equation (31) 

(28~) yields 

D,(m) = 0 

where 

WW 
6(r) = J( 420 v c 

Fu,r+;? 
> 

(36) 

L(q) = - & JI(&&n) -&w,(x) 
where c is a constant to be determined by match- 

n m 
ing equation (36) with equation (6) at r = rm. The 

n 
matching conditions are 

-2J,(1,5,)1(8~+2Pr~e:,) (29) 

and 1, is given by J,(&&,,) = 0. G in the above equa- W,) = d(r,). (37) 

tions is given as follows : 

G = 5~IJ,W,)I’. 
which give 

(30) 

Equations (27) can be solved numerically for any 
prescribed e,(l) or FW(?J since e,(O) = &(&,,) and 
e&(O) = -F,(&,) in the boundary conditions. In 
order to solve equations (28), it is necessary to know 
e,(q) which should be determined by matching this 
solution with the solution outside the stagnation 
region. Before proceeding further, the solution in the 
transition region between the stagnation region and 
the boundary layer region will be obtained and 0,(q) 
will be determined. 

5. INTEGRAL SOLUTION IN THE TRANSITION 

REGION 

The transition region through which the flow field 
changes with r from the stagnation type to the bound- 
ary layer type is located at r x r. where the radial 
velocity is well developed and radial convection is 
much more important than radial conduction. Hence 
the latter can be neglected and the temperature field 
is of the boundary layer type. The integral form of the 
momentum and energy equations for radial flow is 

d * 

[S dr 0 
ru( U. -u) dz 

1 

au@, 0) 
= vr -__- a- (31) 

and 

rm = 0.52ro, c = 0.81$& (38) 
0 

Substituting equations (33) and (34) into equation 
(32), one obtains an ordinary differential equation 
which determines A, the ratio of thermal boundary 
layer thickness to the viscous boundary layer thick- 
ness for the case of prescribed wall temperature 

$ W(r)(T, - r,,,)H(A)] = $& Tw!jro~ATa- (39) 

where 

H(A) = 

Pr > 1 

Pr < 1 

(40) 

and A is given by A = SJS. For the special case of 
constant wall temperature, equation (39) is identical 
to that given in ref. [14]. For the case of prescribed 
wall heat flux, substitution of equations (33) and (35) 
into equation (32) leads to 

f [rQwW2WfW1 = $ rQ,(r). (41) 
0 

d ‘1 

[S dr 0 
ru(T-T,)dz 

1 
vr ?!I$!!. (32) 

The boundary condition A(&) = A.m needed to solve 
= -pr equations (39) and (41) is determined in such a way 

that the curve of the Nusselt number profile is smooth 
The velocity and temperature distributions may be at 5 = 5,. Computations show that the Nusselt num- 
assumed to have the forms ber near the stagnation point is not sensitive to A,,,. 
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For A,,, = OS/Pr”” and 3/Pr’i3, for instance, the 
difference in the stagnation point Nusselt number is 
less than 1%. Once A is obtained, the temperature 
field in the transition region is known and 
&.&I) = tJ(&,,, q) can be determined. 

6. RESULTS AND DISCUSSION 

Once equations (27) and (28) are solved, the tem- 
perature distribution in the neighborhood of the stag- 
nation point is given by equation (26) hence the heat 
transfer coefficient can be determined. 

6.1. Result for prescribed wall temperature 
The heat flux on the wall is 

4,.,=-k 

+ f [g:(o)+~:(O)i~,(;1,5) (42) 
“Cl 1 

and the Nusselt number is given by 

6.2. Result for prescribed wall heat flux 
The wall temperature is 

4n (0) 

+ f [s”(o)+wwo(MY (9 
n=l > 

thus the Nusselt number is 

Nu= _, 
0.9381Re’i2F.,,(~) 

$8,(O) + : h(o)+Qm1JobL5) 
. (45) 

m n=l 

In order to examine the effect of wall temperature or 
wall heat flux on the heat transfer near the stagnation 
point, the Nusselt number has been calculated for 
different profiles of prescribed wall temperature and 
wall heat flux as well as different Prandtl numbers. 
Figure 4 shows these wall temperature and wall heat 
flux profiles graphically. Curve 1 represents decreas- 
ing wall temperature or wall heat flux with r and curve 
2 is for constant wall temperature or wall heat flux. 
Curves 3 and 4 represent slowly and steeply increasing 
wall temperature or wall heat flux, respectively. Com- 
putations show that for the special case of constant 
wall temperature or wall heat flux, the Nusselt number 
is essentially the same as that of Sibulkin [7j, the 
difference being less than 0.3% for Pr 2 0.7. Radial 
variation of Nusselt number is shown in Figs. 5 and 

-1 

0.0 0.2 0.4 0.6 0.6 1.0 

F 

FIG. 4. Prescribed wall temperature or wall heat flux: 1, 
decreasing wall temperature or wall heat flux; 2, constant 
wall temperature or wall heat flux ; 3, slowly increasing wall 
temperature or wall heat flux; 4, steeply increasing wall 

temperature or wall heat flux. 

6 for Pr = 0.7, 7, and 20 corresponding to air, water 
and fluorocarbon liquids, respectively. 

It can be seen from Figs. 5 and 6 that the stagnation 
point heat transfer can be influenced considerably by 
the wall temperature or wall heat flux distribution. 
The reason for this is that when the wall temperature 
or wall heat flux varies appreciably with r, the charac- 
teristic length of the temperature field in the r-direc- 
tion may be of the same order as that in the z-direc- 
tion. In such a case, conductions in the r-direction 

2.5 

1 /L 

2.0 - 3 
1 

2’ 3 1 ,. .__________ ______ ____---- Me_--- 

------------_-m-m__ 4 ------- 
-1.5 

0.0 0.1 0.2 0.3 

e 

FIG. 5. Nusselt number proMe for non-uniform wall tem- 
perature shown in Fig. 4 : 1, for decreasing wall temperature ; 
2, for constant wall temperature; 3, for slowly increasing 
wall temperature; 4, for steeply increasing wall tempera- 

ture.-,Pr=20;-.-,Pr=7;---,Pr=0.7. 
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2.5) 
1 
2 

2.0 - 3 
I 

i 
----_1. --- 

1.5 __4__._._.2__. -. 
%I .-_)_-----~.~ 

5 1 _________------_....--_--- 3 I --1 
I--- -____-_____-____L__j 

0.0 I I 
0.0 0.1 0.2 0.3 

e 
0.0 0.1 0.2 0.3 

6 

FIG. 6. Nusselt number profiie for non-uniform wall heat FIG. 7. Comparison between the results with and without 
flux shown in Fig. 4 : 1, for decreasing wall heat flux ; 2, for radial conduction, Pr = 7: 1, C2 = C3 = C, = 0.01, very 
constant wall heat flux; 3, for slowly increasing wall heat slowly increasing wall temperature; 2, C2 = CJ = C, = 0.3. 
flux; 4, for steeply increasing wall heat flux. -, steeply increasing wail temperature. ---, with radial eonduc- 

Pr=20;-.-,Pr=7;---,Pr=O.7. tion ; -- , without radial conduction. 

and in the z-direction are comparable. Furthermore, 
near the stagnation point the velocity is small so that 
radial convection is negligible as shown in Section 4. 
Hence, conduction dominates in the r-direction near 
the stagnation point. The fact that the velocity is small 
in the vicinity of the stagnation point can be seen in 
equations (4) and (5) which show that u is of the order 
of & and w is of the order of $. 

noting that the stagnation point Nusselt number can 
be negative when the wall temperature increases with 
I very steeply. In such a case, the effect of radial 
conduction is so severe that the fluid becomes hotter 
than the wail near the stagnation point and, hence, 
heat flows from the fluid to the wall although the wall 
is hotter than the jet. 

As shown in Figs. 5 and 6, increasing the wall tem- 
perature or wall heat flux with r reduces the stagnation 
point Nusselt number. For slowly increasing wall tem- 
perature or wall heat flux, the reduction is small. For 
steeply increasing wall temperature or wall heat flux, 
however, the stagnation point Nusselt number is con- 
siderably reduced. For the wall temperature and wall 
heat flux distribution represented by curve 4 in Fig. 4, 
for instance, the r~uction in the Nusseit number for 
Pr = 7 is approximately 50 and 40%, respectively. 
When the wall temperature or wall heat flux decreases 
as r increases, stagnation point Nusselt number is 
higher than that for constant wall tem~~dture or wall 
heat flux. This is due to the fact that heat is conducted 
radially from the stagnation point when the wall tem- 
perature or wall heat flux decreases with r. Conse- 
quently, the heat flux from the wall to the fluid at the 
stagnation point is increased. On the other hand, when 
the wail temperature or wall heat flux increases with 
r, heat is conducted towards the stagnation point and 
consequently, the stagnation point Nusselt number is 
reduced. The figures also indicate that the effect of 
wall temperature or wall heat flux on the stagnation 
point Nusselt number becomes more pronounced as 
the Prandtl number is decreased. This is due to the 
fact that the radial conduction plays a more important 
role when the Prandtl number is smaller. It is worth 

In Pig. 7, the Nusselt number is compared with 
the result obtained in Section 3 in which the radial 
conduction is neglected for the case of non-uniform 
wall tem~rature. The compa~son is given for two 
different wall temperature profiles. The first one is 
for the case where the characteristic length of the 
temperature field in the r-direction is much smaller 
than that in the z-direction, while the second one is 
for the case where the two characteristic lengths are 
comparable. It is clear from Fig. 7 that for the first 
case the two curves are essentially the same. It follows 
that radial conduction can be neglected in such a case. 
For the second case, however, the difference is about 
35% and hence radial conduction cannot be ignored. 

The sensitivity of the solution to the value of r,, 
the radiaf distance from the stagnation point to the 
matching point, is investigated by calculating the 
Nusselt number for 5, = 15 and 25 for a typical 
case of moderately increasing wall temperature and 
Pr = 7. The result shows that the Nusselt number 
near the stagnation point is essentially the same for 
c, = 15 and 25. Hence the solution is not sensitive to 
the value of r,. 

In order to examine the error of the solution result- 
ing from neglecting the radial convection term near 
the stagnation point, we consider a simplified case 
where radial conduction is neglected. In such a case, 
the solution to the energy equation can be obtained 
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analytically for the cases with and without the radial 
convection term. The difference between the two sol- 
utions can be taken as an upper bound of the error 
resulting from neglecting the radial convection term 
in our solution since the radial convection plays a less 
important role when radial conduction is included 
than when it is neglected. For the first case where 
the radial convection is included, the solution was 
obtained in Section 3. For the second case where both 
radial convection and conduction are neglected, the 
energy equation (1) becomes 

and the boundary conditions are 

T=T,(r) atz=O (47b) 

T= T, atz= co. (47c) 

The solution to equation (46) with boundary con- 
ditions (47) can be obtained by the similarity method. 
The result is 

Jo L Jo J 

The wall heat flux can be obtained as 

qw = 
Ww - T,) 

rm r m 1' (49) 

Thus the Nusselt number is 

which is independent of the wall temperature profile 
and is the same as equation (24). This result is plotted 
in Fig. 8 and compared with the result including radial 
convection. The figure shows that the two results are 
exactly the same at 5 = 0. This is because the velocity 
is zero at 5 = 0 and hence the effect of radial con- 
vection vanishes. For r > 0, however, the two results 
are slightly different and the difference increases with 
r. When the wall temperature or wall heat flux 
increases with r, the Nusselt number with the effect of 
radial convection is slightly higher than that without 
the effect of radial convection. The reason is that the 
radial convection enhances the wall heat flux when 
the wall temperature increases with r and reduces the 
wall temperature when the wall heat flux increases 
with r. On the other hand, the Nusselt number includ- 
ing the radial convection is slightly lower than that 
excluding the radial convection if the wall temperature 
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FIG. 8. Comparison between the results with and without 
radial convection : - -, with radial convection, increasing 
wall temperature; --, without radial convection, arbi- 
trary wall temperature ; ---, with radial convection, decreas- 

ing wall temperature. 

or wall heat flux decreases as r increases. This is due 
to the fact that the radial convection reduces the wall 
heat flux if the wall temperature decreases with r and 
increases the wall temperature if the wall heat flux 
decreases with r. For { << 1, the difference is negligibly 
small hence neglecting the radial convection is a 
reasonable simplification near the stagnation point. 

7. CONCLUSIONS 

The heat transfer near the stagnation point of a 
circular free impinging jet with non-uniform wall tem- 
perature or wall heat flux has been investigated ana- 
lytically. The solution shows the considerable effect 
of wall temperature or wall heat flux distribution on 
the stagnation point Nusselt number when the vari- 
ation of wall temperature or wall heat flux is not small. 
The reason is that the radial velocity is so small that 
the radial convection is negligible in the vicinity of the 
stagnation point. Hence radial conduction plays a 
much more important role near the stagnation point 
than it does in other regions. Consequently, con- 
siderable error would result from using the boundary 
layer energy equation in the presence of an appreciable 
variation of wall temperature or wall heat flux. 
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TRANSFERT THERMIQUE ENTRE UN JET CIRCULAIRE, LIBRE, INCIDENT ET UNE 
SURFACE SOLIDE AVEC TEMPERATURE PARIETALE OU FLUX DE CHALEUR 

PARIETAL NON UNIFORME-1. SOLUTION POUR LA REGION D’ARRET 

R&nn&Dans la premiere partie de cette ktude analytique du transfert thermique entre un jet libre, 

axisymt%rique et une surface solide Btempkature ou flux dechaleurnon uniforme sur la paroi,l'tquation 
exacte de l%nergie et Equation d'bnergie pour la couche limite sont resolues asymptotiquement au voisinage 
du point d’arri?t. Les r&ltats montrent que la non uniformit& de la temp&rature par&ale ou du flux de 
chaleur a une influence considkrable sur le nombre de Nusselt au point d’arr&. Un accroissement de la 
temp&rature ou du flux B la paroi avec la distance radiale r rt?duit le nombre de Nusselt tandis que la 
d&croissance des m?mes paramitres augmente le transfert de chaleur au point d’arr& Dans le cas particulier 
d’une temp&rature ou d’un flux constant, le r&&tat est identique B celui de Sibulkin, et la diffkrence en 

nombre de Nusselt est inf&ieure $0,3% pour Pr > 0,7. 

WliRMEUBERGANG ZWISCHEN EINEM KREISFtiRMIGEN FREI AUFTREFFENDEN 
STRAHL UND EINER FESTEN OBERFLbiCHE MIT UNGLEICHFdRMIGER 

wANDTEMPE~TUR ~DER WARMESTR~MDICHTE-1 LBSUNGEN FUR DEN 
STAGNATIONSBEREICH 

Zusammenfassung-Es wird die Wlrmeiibertragung zwischen einem achsensymmetrischen frei auf- 
treffenden Strahl und einer festen ebenen Oberflbhe mit ungleichfijrmiger Wandtemperatur oder W&me- 
stromdichte analytisch untersucht. Es wird die Energieleichung im vollstgndiger Form und mit 
Grenzschichtvereinfachungen asymptotisch in der Nlhe des Stagnationspunktes geliist. Die Ergebnisse 
zeigen, da5 die Ungleichfiirmigkeit der Wandtemperatur oder WPrmestromdichte einen nennenswerten 
Einflu5 auf die Nusseltzahl im Stagnationspunkt hat. Nimmt die Wandtemperatur oder die WHrme- 
stromdichte mit dem radialen Abstand vom Stagnationspunkt zu, so wird die Nusseltzahl kleiner-und 
umgekehrt. Fiir den Spezialfall konstanter Wandtemperatur oder Wlrmestromdichte ist das Ergebnis 
im wesentlichen gleich dem von Sibulkin. Die Unterschiede in den Nusseltzahlen sind fiir Pr > 0,7 kleiner 

als 0.3%. 

TEI’IJIOI-IEPEHOC ME)KAY KPYrJIOti CBOBOAHO IIA&4IOuER C-TPYER M TBEPfiOfi 
IIOBEPXHOCTLIO C HEOAHOPOAHbIM PAClIPEflEJIEHMEM TEMI-IEPATYPbI MJIkl 

TEl-IJIOBOI-0 l-IOTOKA-1. PEIJIEHHE AJIx OPJIACI’kl TOPMOXEHHR 

AI~oT~IW~-B IIepBOi? 'IacTU aHaJmTwIecKOrO BCCJIeAOBaHBsI TerLnonepeHocah4e~y OCeCIiMMeTpWIHOI? 

~~060~~0 nanammeii crpyefi EI Tsepnoti rmoc~oii noBepxHocrbm c rieonnopoaHbIM pacnpenenerineM 
TebfnepaTypbr mm Tennoaoro noToKa acm..mToTnSecKn pemam~cn o6mee ypamremie snepruw H ypaeae- 
HIIe3HeprHWAAa nO~aHEI'IHOrOCJIOa B6AH3HTOWITOpMO~eHkIK.Pe3yAbTaTbI nOIWibIBaIOT,YTO II'%A- 

HOpOAIiOCTb TeMIIepaTyl,bI HJIH TeIIAOBOrO nOTOKa Ha CTeHKe OKa3bIBaeT 3Ha'IHTeAbHOe BAI%KHHe Ha 

WICJIO HyCCeJIbTa B TOYKe TOpMO%HWI. l-lpH yBeJIIi!I~HSiH TeMIIepaTypbI UJIH TeIIAOBOrO IIOTOKa Ha 

cTeHKe B paJ&WIbHOM Hanpaanemiu yh5eHbmaeTcn %icJIo HyCCUIbTa B TO'IKe TOpMOKeHIis, yMeHbme- 

HIIe me TeMIIepaT)'lJbI WIH TenAOBOrO nOTOKa Ha CTeHKe C I IIpEilKAeT K yCMelulr0 TenAOIIpeHWa B 

TOgKe TOPMO~eHBa. B YaCTHOM CJIy'Iae IlOCTORHHMX TeMIIepaTmbI HJIH TeIIJIOBOrO nOTOKa Ha CTeHKe 

nOJIy'IeHHbIe pe3yJIbTaTbICOBnaAluoT C AaHHbIMIi Cw6ynKluIa H &WUIFi=Ie B 4WCJIaX HyCWIbTa He ripe- 
BOCXOAHT 43% Qnr P?’ 2 47. 


