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Abstract—In this, the first part of a two-part analytical study of the heat transfer between an axisymmetrical
free impinging jet and a solid flat surface with non-uniform wall temperature or wall heat flux, both the
exact energy equation and the boundary layer energy equation are solved asymptotically in the vicinity of
the stagnation point. The results show that the nonuniformity of wall temperature or wall heat flux has a
considerable effect on the stagnation point Nusselt number. Increasing the wall temperature or wall heat
flux with the radial distance reduces the stagnation point Nusselt number while decreasing the wall
temperature or wall heat flux with r enhances the heat transfer at the stagnation point. For the special case
of constant wall temperature or wall heat flux, the result is essentially the same as that of Sibulkin, and
the difference in Nusselt number is less than 0.3% for Pr > 0.7.

1. INTRODUCTION

THE HEAT transfer between an impinging jet and a
solid surface is of interest in many engineering appli-
cations, such as the annealing of metal and plastic
sheets, the tempering of glass, the drying of textiles,
veneer, paper, and the cooling of microelectronic
equipment. As was pointed out in ref. [1], the heat
transfer coefficients by jet impingement are several
times greater than those by other flow patterns.
Because of the high heat transfer rate associated with
jet impingement, the technique is commonly used in
practice. Although considerable experimental work
on jet impingement heat transfer has been done, lim-
ited analytical studies have been carried out, especially
for the case of a free impinging liquid jet and non-
uniform wall temperature or wall heat flux. In contrast
to a submerged jet, a free liquid jet is discharged into
a gaseous rather than a liquid environment.

When a free liquid jet impinges on a flat solid
surface, as shown in Fig. 1, the entire flow field is
conventionally divided into two regions [2]—a poten-
tial region and a viscous region (boundary layer). The
flow in the potential region may be treated as inviscid
and the region may be subdivided into three sub-
regions [3]—the free jet region, the impingement
region and the wall jet region. The viscous region
before the hydraulic jump may be subdivided into
four subregions as follows [4].

(1) The stagnation region where the main flow vel-
ocity at the edge of the boundary layer grows rapidly
from zero at the stagnation point to the jet velocity
U,. The radial dimension of the stagnation region is

of the order of the jet radius r, and the boundary layer
thickness is of the order of \/(vre/U,), where v is the
kinematic viscosity of the fluid.

(2) The boundary layer region where the radial
distance is greater than r,. In this region, the velocity
outside the boundary layer remains constant and the
flow is of the boundary layer type.

(3) The transition region where the boundary layer
becomes as thick as the whole liquid layer.

(4) The similarity region where the whole flow is
of the boundary layer type and there exists a similarity
solution to the velocity field.

In fact, there must be a transition region between
the stagnation and the boundary layer regions because
at r & r, the flow pattern is different from that in the
neighborhood of the stagnation point and in the
boundary layer region. In the present work, this
region will be considered separately.

An experimental investigation of the hydrodynamic
behavior of a single circular free liquid jet impinging
on a horizontal surface was carried out by Olsson and
Turkdogan [5], who measured the kinetic energy of
the liquid film, the thickness of the liquid layer and
the surface velocity of radial flow. Their measure-
ments show that the surface velocity remains constant
up to the hydraulic jump. This is different from the
theoretical result of Watson [4] which shows that the
surface velocity decreases as r increases in the simi-
larity region.

Heat transfer near a stagnation point has been
extensively investigated. Squire [6] and Sibulkin [7]
were among the first to study stagnation point heat
transfer. Squire obtained the exact solution to the
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a  constant in the solution of potential flow

¢ constant defined in equation (38),

¢y, C3,...,C, coefficients in prescribed wall
temperature, equation (12)

ds, d,,...,d, coeflicients in prescribed wall
heat flux, equation (13)

F, dimensionless function defined in equation
(9C)a Qw/ QO

k  conductivity

Nu  Nusselt number, 2rQ../k(T,—T..)

P pressure

Pr  Prandtl number

Qo stagnation point heat flux

Q. wall heat flux

r coordinate along the wall

ro  jet radius

rn radial distance of matching location

Re Reynolds number, 2U /v

T  temperature

T, stagnation point temperature

T, temperature at the matching location

T, wall temperature

T, jet temperature

u  velocity in the r-direction

U, jet velocity

w  velocity in the z-direction

NOMENCLATURE

z coordinate normal to the wall.

Greek symbols
a diffusivity
é viscous boundary layer thickness
d, boundary layer thickness in stagnation
region
6, thermal boundary layer thickness
A ratio of thermal boundary layer thickness
to viscous boundary layer thickness
n  dimensionless variable defined in equation
(3¢)
0 dimensionless temperature defined in
equations (3a)
0., dimensionless temperature at the matching
location
dimensionless temperature on the wall
eigenvalues given by J4(4,£,) =0
kinematic viscosity
dimensionless variable defined in equation
(3b)
dimensionless radius, r./\/(v/a)
density
dimensionless function defined in
equations (5).

£

J‘r<<§>u®

S

problem of steady, laminar flow heat transfer near a
two-dimensional stagnation point with constant wall
temperature. Sibulkin extended the problem to the
case of the axisymmetrical stagnation point. Their
solutions show that if the wall temperature is constant,
the temperature distribution near the stagnation point
is independent of the radial distance from the stag-
nation point. Transient heat transfer near a stagnation
point has been examined by several investigators.
Chao and Jeng [8] considered transient laminar
forced convection heat transfer for a two-dimen-
sional and axisymmetrical stagnation point due to
time-dependent uniform wall temperature or wall

free jet region
impingement region

stagnation region

T\

)
. - ———
-

heat flux. Sano [9] obtained an asymptotic solution
for small Prandtl numbers to the problem of un-
steady boundary layer in impulsive stagnation flow
in which both the flow field and temperature field
are unsteady. The effects of blowing and suction on
transient heat transfer at a stagnation point due to
a step change with time in wall temperature was
analyzed by the same author [10]. Kumari and
Nath [11] considered the combined effect of forced
and free convection on unsteady laminar incom-
pressible boundary layer flow with mass transfer at
the stagnation point of a three-dimensional body
with time-dependent wall temperature. More

wall jet region
boundary layer region

similarity region

Fi1G. 1. Schematic diagram of a free impinging jet system.



Heat transfer between a circular free impinging jet and a solid surface—1

recently, Smolsky et al. [12] presented experimental
and theoretical results of heat transfer in the region
near the stagnation point of a sphere and a trans-
versely-oriented cylinder immersed in a gas flow
under the unsteady conditions resulting from a step-
wise change in the flow temperature or the body tem-
perature.

In all previous solutions [6-12], the wall tem-
perature or wall heat flux is either constant or a func-
tion of time only. Hence the temperature distribution
near the stagnation point is independent of radial
location. The boundary layer energy equation used in
obtaining these solutions excludes the contribution of
radial conduction. However, in many applications,
wall temperature or wall heat flux may vary with
the radial distance r. In such a case, the temperature
distribution near the stagnation point will be a func-
tion of the axial distance z as well as r. Furthermore,
if the variation of wall temperature or wall heat flux
is sufficiently large such that the characteristic length
for the temperature field in the r-direction is of the
same order as the thermal boundary layer thickness,
conduction in the radial direction cannot be neglected.
Consequently, the boundary layer energy equation is
not applicable and the exact energy equation should
be used. Radial conduction plays a much more impor-
tant role in the stagnation region than elsewhere since
the velocity is so small and thus radial convection is
negligible.

The conjugate heat transfer problem associated
with jet impingement is especially important in engin-
eering applications. The analytical solution presented
in Parts 1 and 2 of the present study can be used to
solve the corresponding conjugate problem in which
a circular jet impinges on the top surface of a solid
plate with prescribed temperature or heat flux at the
bottom surface.

In Part 1 of the present study, the exact steady-state
energy equation is solved asymptotically to examine
the effect of wall temperature or wall heat flux on the
heat transfer in the neighborhood of the stagnation
point. The solution is therefore restricted to the vicin-
ity of the stagnation point. It is found that heat trans-
fer at the stagnation point can be significantly affected
by wall temperature or wall heat flux distribution.

2. FORMULATION

For steady-state, incompressible flow with constant
properties and negligible dissipation, the energy equa-
tion for axisymmetric flow is

oT 10T 9°T
+ + 4]

or, or_ (o
“or "Wz T\ i 8z2

where T is the temperature, r and z the radial and
axial coordinates measured from the stagnation point,
u and w the velocity components along rand z, respec-
tively, and a the thermal diffusivity. The velocity com-
ponents ¥ and w are obtained from the solution to
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axisymmetric flow in the stagnation region [13]. The
boundary conditions are

%Z: =0 atr=20 (2a)
T=T,(2) atr=r, (2b)
T=T,norQ=0,(r) atz=0 2¢)
T = T, = constant asz—> oo {(2d)

where T, is the jet temperature, T, (r) the wall tem-
perature, and Q,(r) the wall heat flux. T, (z) is the
temperature distribution at r =r, which is deter-
mined by matching the solution in the stagnation
region with the solution outside the stagnation region.
The matching surface r = r,, is the location where the
boundary layer thickness in the stagnation region is
matched with that outside the stagnation region.

To nondimensionalize the problem the following
dimensionless variables are introduced :

(T_ Too)/(TO—Tm)
for prescribed wall temperature

8= MT=T.)/(Qu/ /) (32)
for prescribed wall heat flux

{=r/J(v/a) (3b)

1 = z/\/(v/a) (3¢)

where k is the thermal conductivity, v the kinematic
viscosity, T, and Q, the temperature and heat flux at
the stagnation point, respectively, and a is a constant.
The similarity solution to the flow field in the stag-
nation region gives [13]

u=/(@)&¢'(n)
w=—2./(av)¢(n)

where ¢(n) is a transformation function defined by
& +20¢"—¢*+1=0 (5a)
#(0) =¢'(0) =0, ¢'(c0) =1. (5b)

The viscous boundary layer thickness §, is given by
5, = 1.98,/(v/a). ()]

For the case of a circular impinging jet, constant q is
given by [2]

(4a)
(4b)

a= 0.44£]~° @]
¥o
where U, is the jet velocity and r, the jet radius.
Using definitions (3) and flow field solution (4), the
dimensionless form of the stagnation region energy
equation and boundary conditions become

,00 0 1 00 100 8%
f"’a‘c‘”a‘fﬁ(@*éa—:*a‘w) ®

and
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00

BE =0 até=0 (9a)
0 =0, até{=¢, (9b)
9=9w(€)0r—g%=%=l’w(é)atn=0 (9¢)
0=0 atyp =oco (9d)

where Pr is the Prandtl number, 0,(y) the dimen-
sionless temperature at the dimensionless radius ¢,,,
and

Bw = (Tw_- TXv)/(TO - Too)

3. SMALL VARIATION OF WALL
TEMPERATURE OR WALL HEAT FLUX

In the case where the variation of wall temperature
or wall heat flux is sufficiently small so that the charac-
teristic length of the temperature field in the r-
direction is much larger than the thermal boundary
layer thickness, conduction in the r-direction can be
neglected. Hence energy equation (8) and boundary
conditions (9) reduce to

970 00 ,00
and
00
(7{=0 até =0 (11a)
00
6 =0,()or ~ =F, (&) atn=0 (11b)
6=0 atn=o00. (llc)

The prescribed wall temperature 6,(¢) or wall heat
flux 0,,(¢) may be any continuous function of £, which
satisfies the symmetry condition df,(0)/d{ =0 or
dQ,,(0)/d¢ = 0. Corresponding to the definition in
equation (3), 6,,(¢) may be expanded in a Taylor series
near ¢ = 0 as

(12)

where ¢, are constants. Similarly, the wall heat flux
may be written as

96(c. 0)
o

0.(8) = 1482+ e+ 4, &+ .

=F (&) = 1+dE3+di&° +.. +d, &+ ..
(13)

where d, are constants. Since the solution is sought in
the vicinity of the stagnation point, the dependent
variable 0 can be expanded in a Taylor series as fol-
lows:
0 = Ao(m)+ A, (NE+A(ME™ + A&’

o+ A,@ME+... (14)

Because of the symmetry, the radial heat flux at r =0
must be zero, hence A4,(y) in equation (14) should
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vanish. Substituting equation (14) into equation (10),
the governing ordinary differential equations for
coefficients A, are obtained

A/ +2PrdA,—nPr¢’d, =0, n=0.2734...
(15)

The corresponding boundary conditions for the pre-
scribed wall temperature are

AO(O) = 1! An(o) = Cy,
A,(0) =0,

n=273.4...
n=20,2,3,4...

(16a)
(16b)

For prescribed wall heat flux the boundary conditions

are
45(0) = —1. 4,(0)= —d,,

n=20,2,3.4...

n=234... (17a)

A,(c0) =0, (17b)

3.1. Solution for non-uniform wall temperature
The solution of Ay(y) with boundary conditions
(16) can be obtained in closed form

rexp[——2Prrq5dn]d11

Aglp) =1 - =
J exp [——ZPrj q&dn:l dn
0 0

while the remaining 4,(5) coefficients may be solved
numerically. Once 4,(n) are obtained, the temperature
field is determined by equation (14) and the wall heat
flux can be obtained as follows:

aT(r,0)

g =~k = KTy =T W @A6(0)

(18)

FAS0)E2 4.+ 4,007 +..). (19)
Thus the local Nusselt number is given by
Nu= —0.9381Re'"?

Ap(0) +A50)E7 + A5(0)E 4. ..+ A4,(0)¢" +. ..
l4eal2 4083+, .+, & +. ..

(20)

where Re is the Reynolds number defined as 2Uqr,/v.

3.2. Solution for non-uniform wall heat flux
The solution of A,(n) with boundary conditions
(17) is

Aoln) = j exp [—ZPrrqﬁdn]dn
0 0
— r exp [—ZPr r d)dr,:ldn. 21
0 0

The solutions to 4,(1), # = 2,3,4,... with boundary
conditions (17) may be obtained numerically. Once
A,(n) are determined, the wall temperature is given by
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25
Pr=20 ]
20F
%
1.5 =7
1.0 L n L _
0.0 0.1 0.2 03 0.4 0.5
3
F1G. 2. Nusselt number profile for non-umform wall tem-
perature with radial conduction neglected: —.—, C; =
C; = C,=0.1, increasing wall temperature; —, C, =
C, = C, = 0, constant wall temperature; —~~, C,=C; =
C, = —0.1, decreasing wall temperature

T, = T + 2909 4 () 44,0022+ 4,008

o A A0+, 1.

The local Nusselt number is obtained in the form

22)

Nu = 0.9381Re/?

1+d, %+ dE3+. . +d "+
Ay(0)+A,(0)E2+ A5(0)E3 +. ..+ A4,(0)"+

23)

For the special case of constant wall temperature or
wall heat flux,ie.c, =c¢;=...=¢,=00rd, =d; =
.. =d, = 0, equations (20) and (23) reduce to

0.9381Re'?

jw exp[—ZPrrqbdn:ldn

which is identical to the result of Sibulkin [7].

The Nusselt number profiles for both cases are
shown graphically in Figs. 2 and 3. It is clear from
equations (18), (20), (21) and (23) that the wall tem-
perature or wall heat flux distribution does not affect
the stagnation point Nusselt number. The reason for
this is that the boundary layer energy equation is used
in obtaining the solution in which radial conduction
is neglected. As shown in the following sections, the
stagnation point Nusselt number can be considerably
affected by the distribution of wall temperature or
wall heat flux when radial conduction is taken into
consideration.

Nu =

(24
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2.5
Pr=20 B
20}
%
15} Pr=7
1.0 . A A L
0.0 0.1 0.2 0.3 0.4 0.5
§

Fi. 3. Nusselt number profile for non-uniform wall heat
flux with radial conduction neglected: —.—, dy, =d, =
d, = 0.1, increasing wall heat flux; ,d,=dy=d;=0,
constant wall heat flux; ———, d, = d; = d, = —0.1, decreas-

ing wall heat flux.

4. SOLUTION FOR STEEP VARIATION OF
WALL TEMPERATURE OR WALL HEAT FLUX

The solution in the previous section is valid for the
case where the variation of wall temperature or wall
heat flux is small so that the boundary layer energy
equation is applicable. If, however, the wall tem-
perature or wall heat flux varies steeply with r, con-
duction in the radial direction must be included.
Hence the complete energy equation should be solved.
Nevertheless, one can show that the first term in equa-
tion (8) which represents radial convection can be
neglected in the vicinity of the stagnation point. Sub-
stitution of equation (14) into equation (8) shows that
the first term in equation (8) is of the order of ¢* and
all other terms are of the order of 1. Hence, in the
vicinity of the stagnation point, i.e. for small £, equa-
tion (8) simplifies to

106 620
gaE "

620

P +2Pr ¢ =0.

(25)

Since ¢ is independent of £, equation (25) can be
solved by the method of separation of variables. The
solution is

g O (m) + Z [9-(m) + D,(m)]Jo(4,8) (26)

where g, is governed by the following ordinary differ-
ential equations:

9/ +2Prég,—iig, =0 (27a)
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2
9.(0) = GL [9 © - 52 9 (0)] Jo(4,8)¢dE

for prescribed 7,, (27b)

2 (48 2
6= -2 [0+ 5o 20 [nreas
for prescribed Q,, (27¢)
g.(0) =0 @79)

and D, is defined by the following equations :

D +2Pr¢D,—AD, = L(n) (28a)
D,(0) =0 for prescribed T, (28b)
D;(0) =0 for prescribed Q, (28¢)
D,(0) =0 (28d)
where
L) = G5 T1Ou) = gz Vil )

—2J3(A )0 +2Pr $0:1)

and 4, is given by J,(4,£,) = 0. G in the above equa-
tions is given as follows:

G = &V (4E)1%

Equations (27) can be solved numerically for any
prescribed 6,.(&) or F,(&) since 0,(0) = 6,(¢.,) and
07.(0) = —F,({,) in the boundary conditions. In
order to solve equations (28), it is necessary to know
0,(n) which should be determined by matching this
solution with the solution outside the stagnation
region. Before proceeding further, the solution in the
transition region between the stagnation region and
the boundary layer region will be obtained and 6,,(n)
will be determined.

(29)

(30)

5. INTEGRAL SOLUTION IN THE TRANSITION
REGION

The transition region through which the flow field
changes with r from the stagnation type to the bound-
ary layer type is located at r ~ r, where the radial
velocity is well developed and radial convection is
much more important than radial conduction. Hence
the latter can be neglected and the temperature ficld
is of the boundary layer type. The integral form of the
momentum and energy equations for radial flow is

(]
d—d;[ﬁ ru(Uq— 1) dz]= vr?“gz’o)» 31)
and
Al
%[ﬁrﬂT—ﬂdd4=w~%a%;m.(n)

The velocity and temperature distributions may be
assumed to have the forms

X. S. WaNG et al.

2z 273
u=Uo<~—i+ (33)

24
FRE 5)
2z 4 2z z* 24
T te ) O
for prescribed wall temperature or

G z oz
T-T, = £ 5—3:+5\3-55? (35)

and

T—T, = {Tu(r)—T.] (1

for prescribed wall heat flux. § and §, are the viscous
and thermal boundary layer thicknesses, respectively.
Introduction of equation (33) into equation (31)

yields
420 v e
o0 = \/<'37 [ ;7)

where ¢ is a constant to be determined by match-

(36)

ing equation (36) with equation (6) at r = r,. The
matching conditions are
O (rn) =96 g5 _d ) 37
s\Um/) — (rm)' dr s(rm)“a'r (rm) ( )
which give
Fo = 0.52r0, ¢ =0.81-r3. (38)
Uy

Substituting equations (33) and (34) into equation
(32), one obtains an ordinary differential equation
which determines A, the ratio of thermal boundary
layer thickness to the viscous boundary layer thick-
ness for the case of prescribed wall temperature

2vr T, (r)— TQC

‘[ré(r)(T —TL)H(A)] = TP 80 (39)
where
H(A) =
_?;A A“ + _—A5 Pr>1
15 180 z
3 3 2 3 1
702 716 Y 15a " 1408 T isoar <!
(40)

and A is given by A = §,/8. For the special case of
constant wall temperature, equation (39) is identical
to that given in ref. [14]. For the case of prescribed
wall heat flux, substitution of equations (33) and (35)
into equation (32) leads to
[rQw(r)tSz(r)AH W) = rQw(r) (41)
The boundary condition A(&.,) = A,, needed to solve
equations (39) and (41) is determined in such a way
that the curve of the Nusselt number profile is smooth
at ¢ = ¢,,. Computations show that the Nusselt num-
ber near the stagnation point is not sensitive to A,,.
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For A, =0.5/Pr'/* and 3/Pr'®, for instance, the
difference in the stagnation point Nusselt number is

less than 1%. Once A is obtained, the temperature

field in the transition region is known and
Ba(n) = 6(Em, 1) can be determined.
8. RESULTS AND DISCUSSICN

Once equations (27) and (28) are solved, the tem-

perature distribution in the neighborhood of the stag-

Poratuic GiSiIiOUION 132 Ll LUt DOl o= 2 5=

nation point is given by equation (26), hence the heat
transfer coefficient can be determined.

6.1. Result for prescribed wall temperature
The heat flux on the wall is

{éz
9w = _k // i 1 E2 0.(0)
V\V/ul L>m

i 0)+ D, (O o(A, 5)1 (42)

and the Nusselt number is given by

Rel’? {52

Nu= —0.9381 R

0, (0)

+ 3 6O+ DOhO ). @)

6.2. Result for prescribed wall heat flux
The wall temperature is

_ QO'\/(v/a) fé_zn P7a)Y
—_— U (0)

L o I ad

w— 4o = k 1; m
® ]
+ legn(0)+Dn(0)]Jo(ln¢)j (44
1/2
- 9381Re2F, (&) s)
6 0(0) + Z: [9.(0) +D,(0)]/,(4,.8)

. A V. Y SRS 1

Inor UCI' to CKdIIllIlC the eifect o Wdl] Lcmperdturc or
wall heat flux on the heat transfer near the stagnation
point, the Nusselt number has been calculated for
different profiles of prescribed wall temperature and
wall heat flux as well as different Prandtl numbers.
Figure 4 shows these wall temperature and wall heat
flux profiles graphically. Curve 1 represents decreas-
ing wall temperature or wall heat flux with r and curve
2 is for constant wall temperature or wall heat flux.
Curves 3 and 4 represent slowly and steeply increasing
wall temperature or wall heat flux, respectively. Com-
putations show that for the special case of constant
wall temperature or wall heat flux, the Nusselt number
is essentially the same as that of Sibulkin [7], the
difference being less than 0.3% for Pr > 0.7. Radial
variation of Nusselt number is shown in Figs. 5 and

HMT 32:7-¥
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20

Fd®)
o

5
-~ 3
@ e
10 2
i =~
05 L L L .
0.0 0.2 0.4 0.6 o8 1.0
§

FiG. 4. Prescribed wall temperature or wall heat flux: 1,

desransing wall tammneratura or wall heat flux: 2. constant
aecreasing wall iemperature or waidl neal nux,; 2, constant

wall temperature or wall heat flux ; 3, slowly increasing wall
temperature or wall heat flux; 4, steeply increasing wall
temperature or wall heat flux.

6 for Pr = 0.7, 7, and 20 corresponding to air, water
and fluorocarbon liquids, respectively.

It can be seen from Figs 5 and 6 that the stagnation
point heat transfer can be influenced considerably by
the wall temperature or wall heat flux distribution.
The reason for this is that when the wall temperature
or wall heat flux varies appreciably with 7, the charac-
teristic length of the temperature field in the r-direc-
tion may be of the same order as that in the z-direc-

tion. In such a case, conductions in the r-direction

s R R ———— —
g [0 X P
3

-10f
-1.5 L L
00 0.1 02 03

FiG. 5. Nusselt number profile for non-uniform wall tem-
perature shown in Fig. 4 : 1, for decreasing wall temperature ;
2, for constant wall temperature; 3, for siowly increasing
wall temperature; 4, for steeply increasing wall tempera-
ture. —, Pr=20;—.— Pr=7;,—— Pr=0.7.
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256 2.0
1
2
20F 5
1 15} 2
15t 4 2

Nu/Re'?
W
b

10} 4
L 2
08— ———— T m e Fm—-
___________________ 4_
00 : ,
00 0.1 02 03
¢

F1G. 6. Nusselt number profile for non-uniform wall heat
flux shown in Fig. 4: 1, for decreasing wall heat flux; 2, for
constant wall heat flux; 3, for slowly increasing wall heat
flux; 4, for steeply increasing wall heat flux. —
Pr=20;,— — Pr=7,—~ Pr=07

and in the z-direction are comparable. Furthermore,
near the stagnation point the velocity is small so that
radial convection is negligible as shown in Section 4.
Hence, conduction dominates in the r-direction near
the stagnation point. The fact that the velocity is small
in the vicinity of the stagnation point can be seen in
equations (4) and (5) which show that u is of the order
of &7 and w is of the order of #°.

As shown in Figs. 5 and 6, increasing the wall tem-
perature or wall heat flux with r reduces the stagnation
point Nusselt number. For slowly increasing wall tem-
perature or wall heat flux, the reduction is smalil. For
steeply increasing wall temperature or wall heat flux,
however, the stagnation point Nusselt number is con-
siderably reduced. For the wall temperature and wall
heat flux distribution represented by curve 4 in Fig. 4,
for instance, the reduction in the Nusselt number for
Pr =7 is approximately 50 and 40%, respectively.
When the wall temperature or wall heat flux decreases
as r increases, stagnation point Nusselt number is
higher than that for constant wall temperature or wall
heat flux. This is due to the fact that heat is conducted
radially from the stagnation point when the wall tem-
perature or wall heat flux decreases with r. Conse-
quently, the heat flux from the wall to the fluid at the
stagnation point is increased. On the other hand, when
the wall temperature or wall heat flux increases with
r, heat is conducted towards the stagnation point and
consequently, the stagnation point Nusselt number is
reduced. The figures also indicate that the effect of
wall temperature or wall beat flux on the stagnation
point Nusselt number becomes more pronounced as
the Prandt! number is decreased. This is due to the
fact that the radial conduction plays a more important
role when the Prandtl number is smaller. It is worth
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Fic. 7. Comparison between the results with and without

radial conduction, Pr=7: 1, ;= Cy= ;= 001, very

slowly increasing wall temperature; 2, C, = C; = C, = 0.3,

steeply increasing wall temperature. ——~—, with radial conduc-
tion ; —, without radial conduction.

noting that the stagnation point Nusselt number can
be negative when the wall temperature increases with
r very steeply. In such a case, the effect of radial
conduction is so severe that the fluid becomes hotter
than the wall near the stagnation point and, hence,
heat flows from the fluid to the wall although the wall
is hotter than the jet.

In Fig. 7, the Nusselt number is compared with
the result obtained in Section 3 in which the radial
conduction is neglected for the case of non-uniform
wall temperature. The comparison is given for two
different wall temperature profiles. The first one is
for the case where the characteristic length of the
temperature field in the r-direction is much smaller
than that in the z-direction, while the second one is
for the case where the two characteristic lengths are
comparable, It is clear from Fig. 7 that for the first
case the two curves are essentially the same. It follows
that radial conduction can be neglected in such a case.
For the second case, however, the difference is about
35% and hence radial conduction cannot be ignored.

The sensitivity of the solution to the value of r,,
the radial distance from the stagnation point to the
matching point, is investigated by calculating the
Nusselt number for &, =15 and 25 for a typical
case of moderately increasing wall temperature and
Pr=7. The result shows that the Nusselt number
near the stagnation point is essentially the same for
£, = 15 and 25. Hence the solution is not sensitive to
the value of r,,.

In order to examine the error of the solution result-
ing from neglecting the radial convection term near
the stagnation point, we consider a simplified case
where radial conduction is neglected. In such a case,
the solution to the energy equation can be obtained
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analytically for the cases with and without the radial
convection term. The difference between the two sol-
utions can be taken as an upper bound of the error
resulting from neglecting the radial convection term
in our solution since the radial convection plays a less
important role when radial conduction is included
than when it is neglected. For the first case where
the radial convection is included, the solution was
obtained in Section 3. For the second case where both
radial convection and conduction are neglected, the
energy equation (1) becomes

oc%i; - w?a—: =0 (46)
and the boundary conditions are
%—f =0 atr=0 (47a)
T=T,r) atz=0 (47b)
T=T, atz = oo. (47¢)

The solution to equation (46) with boundary con-
ditions (47) can be obtained by the similarity method.

The result is
J ]
J exp [—ZPrJ ¢dr]:|dr]
-2 : . (48)

Jw exp [— 2Pr r ¢ dn:| dn

The wall heat flux can be obtained as

&T,~-T,)

T-T, _
Tw_Tco -

9w = = " . 49
Jla) I exp [—- 2Pr'[ ¢ dr]] dn
0 0
Thus the Nusselt number is
9381 Re'/?
Nu = 0.9381Re (50)

Jw exp ,:—2Pr‘r d)dn]dn

which is independent of the wall temperature profile
and is the same as equation (24). This result is plotted
in Fig. 8 and compared with the result including radial
convection. The figure shows that the two results are
exactly the same at £ = 0. This is because the velocity
is zero at £ = 0 and hence the effect of radial con-
vection vanishes. For ¢ > 0, however, the two results
are slightly different and the difference increases with
r. When the wall temperature or wall heat flux
increases with r, the Nusselt number with the effect of
radial convection is slightly higher than that without
the effect of radial convection. The reason is that the
radial convection enhances the wall heat flux when
the wall temperature increases with r and reduces the
wall temperature when the wall heat flux increases
with r. On the other hand, the Nusselt number includ-
ing the radial convection is slightly lower than that
excluding the radial convection if the wall temperature
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FiG. 8. Comparison between the results with and without
radial convection : — - —, with radial convection, increasing
wall temperature; ——, without radial convection, arbi-
trary wall temperature ; ———, with radial convection, decreas-

ing wall temperature.

or wall heat flux decreases as r increases. This is due
to the fact that the radial convection reduces the wall
heat flux if the wall temperature decreases with r and
increases the wall temperature if the wall heat flux
decreases with r. For £ « 1, the difference is negligibly
small hence neglecting the radial convection is a
reasonable simplification near the stagnation point.

7. CONCLUSIONS

The heat transfer near the stagnation point of a
circular free impinging jet with non-uniform wall tem-
perature or wall heat flux has been investigated ana-
Iytically. The solution shows the considerable effect
of wall temperature or wall heat flux distribution on
the stagnation point Nusselt number when the vari-
ation of wall temperature or wall heat flux is not small.
The reason is that the radial velocity is so small that
the radial convection is negligible in the vicinity of the

‘stagnation point. Hence radial conduction plays a

much more important role near the stagnation point
than it does in other regions. Consequently, con-
siderable error would result from using the boundary
layer energy equation in the presence of an appreciable
variation of wall temperature or wall heat flux.
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TRANSFERT THERMIQUE ENTRE UN JET CIRCULAIRE, LIBRE, INCIDENT ET UNE
SURFACE SOLIDE AVEC TEMPERATURE PARIETALE OU FLUX DE CHALEUR
PARIETAL NON UNIFORME—I. SOLUTION POUR LA REGION D’ARRET

Résumé—Dans la premiére partie de cette étude analytique du transfert thermique entre un jet libre,
axisymetrique et une surface solide 4 température ou flux de chaieur non uniforme sur la paroi, I’‘équation
exacte de I'énergie et I’équation d’énergie pour la couche limite sont résolues asymptotiquement au voisinage
du point d’arrét. Les résultats montrent que la non uniformité de la température pariétale ou du flux de

chaleur a une influence considérable sur le nombre de Nusselt au noint d’arrét. Un aceroissement de la

Chiiax:Cur a unc miueiniCe Consiiiraa:d sur
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température ou du flux & la paroi avec la distance radiale r réduit le nombre de Nusselt tandis que la

décroissance des mémes paramétres augmente le transfert de chaleur au point d’arrét. Dans le cas particulier

d’une température ou d’un flux constant, le résultat est identique 4 celui de Sibulkin, et la différence en
nombre de Nusselt est inférieure 4 0,3% pour Pr > 0,7.

WARMEUBERGANG ZWISCHEN EINEM KREISFORMIGEN FREI AUFTREFFENDEN
STRAHL UND EINER FESTEN OBERFLACHE MIT UNGLEICHFORMIGER
WANDTEMPERATUR ODER WARMESTROMDICHTE—!. LOSUNGEN FUR DEN
STAGNATIONSBEREICH

Zusammenfassung—Es wird die Wirmeiibertragung zwischen einem achsensymmetrischen frei auf-
treffenden Strah! und einer festen ebenen Oberfliche mit ungleichférmiger Wandtemperatur oder Wirme-
stromdichte analytisch untersucht. Es wird die Energieleichung im vollstindiger Form und mit
Grenzschichtvereinfachungen asymptotisch in der Nihe des Stagnationspunktes geldst. Die Ergebnisse
zeigen, daB die Ungleichformigkeit der Wandtemperatur oder Wirmestromdichte einen nennenswerten
EinfluB auf die Nusseltzahl im Stagnationspunkt hat. Nimmt die Wandtemperatur oder die Wirme-
stromdichte mit dem radialen Abstand vom Stagnationspunkt zu, so wird die Nusselizahl kieiner—und
umgekehrt. Fiir den Spezialfall konstanter Wandtemperatur oder Wirmestromdichte ist das Ergebnis
im wesentlichen gleich dem von Sibulkin. Die Unterschiede in den Nusseltzahlen sind fiir Pr > 0,7 kleiner

ale 3 30/
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TEIJIOIIEPEHOC MEXAY KPYIJIOM CBOBORHO IMNAJAIOMEN CTPYEN W TBEPAOH
HOBEPXHOCTI:IO C HEOAHOPOJHBIM PACIIPEJEJIEHMEM TEMITEPATYPHI U

DATN TINTALCA 1
TENJACBOTC NMTOTOKA—L.

PREMICLUIAR nTITa
PIIMUELNAYRY, 44171

OBINACTU TOPMOXEHUYG
(U4 X} Ve \ OB § VAN CIavs s

Aunoramus—B nepnoifl YaCTH aHATMTHYECKOro HCCIEXOBAHMSA TEIUIONEPEHOCa MEXIYy OCECHMMeETPHYHOIH
crobonno nanaiomeit c’rnven " Tnennoii IUIOCKOM NOBePXHOCTLIO C HEONHOPOIOHBIM DACHPEACICHHEM

TEMAEPATYPHI WM TEILIOBOTO NMOTOKa aCHMIITOTHIECKH PEINalOTCs oblliee YPABHEHHE SHEPTUM ¥ YpaBHe-
HH€ 3HEPTHK IJI8 IOTPaHAYHOTO CHOS BONH3M TOYKA TOPMOXeHHA. Pe3yTbTaThi MOKa3LIBAIOT, YTO HEod-
HOPOIHOCTL TEMIEPATypht MM TEIUIOBOrO MOTOKA HA CTEHKE OKA3LIBAET 3HAYMTENLHOE BIHAHAC Ha
uncio HyccennTa B Touke TopMoxeHus. Ilpn yBenuueHAM TeMIepaTyphl WIH TEIJIOBOIO MOTOKA Ha
CTEHKE B PaaHaJIbHOM HampaBleHHH yMeHbluaercs uucno HyccesibTa B TOYKE TOPMOXKEHHs, yMEHBLUe-
HHE K€ TEMOEPATYPHl WJIM TEILIOBOTO IIOTOKA HAa CTEHKE C r MPHBEJET K YCHJICHHIO TEILIONPEHOCA B
TOYKE TOPMOXEHHSA. B YACTHOM CJy4ac MOCTOAHHBIX TEMIIEPATYpPbI MM TEMAOBOTO NIOTOKA Ha CTCHKE
NOJIy4eHHBIE PE3Y/IbTATHI COBIAKAIOT C JaHHbME CHOynkuMHa ¥ pa3zmmune B yMcnax HyccensTa He mpe-
pocxosut 0,3% nng Pr > 0,7.



